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Abstract 
Let M be a hereditarily decomposable chainable continuum and F be a homeomor- 
phism of M. We show that the periods of the periodic orbits of F are powers of 2 and for 
each x E R(F), either o(x, F) is a periodic orbit of F or (o(n, F), F) is semi-conjugate to 
the adding machine. Partially answering a problem of Marcy Barge we prove that homeo- 
morphisms of Suslinean chainable continua have zero topological entropy. By the same idea 
homeomorphisms of Suslinean circle-like continua also have zero topological entropy. 
Keywords: Chainable and circle-like continuum; Suslinean continuum; Topological entropy; 
Adding machine 
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1. Introduction 
It is known that if M is a hereditarily indecomposable chainable (arc-like) 
continuum, i.e., a pseudoarc, then there exists a homeomorphism of M with 
positive topological entropy, see for instance [ill or [El. As Sarkovskii’s Theorem 
holds for continuous maps of hereditarily decomposable chainable continua [14] 
and the dynamics of continuous maps of intervals are well understood [1,6,20], 
Marcy Barge asked in [5, Problem 2.2, p. 1781: does every homeomorphism of a 
hereditarily decomposable chainable continuum have zero topological entropy? 
The object of this paper is to study the dynamics of homeomorphisms of hereditar- 
ily decomposable chainable continua. We show that the periods of periodic orbits 
of homeomorphisms of hereditarily decomposable chainable continua are powers 
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of 2 (note that Lewis [13] has shown that for each natural number n E N there 
exists a periodic homeomorphism of the pseudoarc with period n) and except the 
trivial case the homeomorphisms restricted to the o-limit sets of recurrent points 
of F are semi-conjugate to the adding machine, which is very similar to the case of 
continuous maps of intervals with zero topological entropy [8] and some homeo- 
morphisms of disk [4]. Furthermore we give a partial answer to the problem of 
Barge. Namely we shall show that every homeomorphism of a Suslinean chainable 
continuum has zero topological entropy. 
In fact we shall prove results stronger than the above statements, for details see 
Sections 2 and 3. Applying the same idea to homeomorphisms of Suslinean 
circle-like continua we get that every homeomorphism of a Suslinean circle-like 
continuum also has zero topological entropy. 
By a continuum we mean a connected compact metric space. A subcontinuum 
of a given continuum is a subset of the continuum and itself is a continuum. A 
continuum is said to be decomposable (respectively indecomposable) if it can 
(respectively cannot) be written as the union of two of its proper subcontinua. We 
say a continuum is hereditarily decomposable (respectively hereditarily indecompos- 
able) if each its subcontinuum is decomposable (respectively indecomposable). A
nondegenerate continuum M is chainable or arc-like if given E > 0 there is a 
continuous map f, from M onto [0, l] with diam(f;‘(t)) < E for each t E [O, 11; A4 
is said to be circle-like if given E > 0 there is a continuous map f, from M onto S’ 
(the unit circle) with diam( f;‘(t)) < E for each c E S’. A continuum is Suslinean if 
each collection of its disjoint nondegenerate subcontinua is countable. Note that a 
Suslinean continuum is hereditarily decomposable, admits no expansive homeo- 
morphisms [9]. Suslinean chainable continuum serves as an important class of 
hereditarily decomposable chainable continua, for example, it was shown [16] that 
a hereditarily decomposable chainable continuum can be embedded in the plane in 
such a way that every point is accessible from its complement if and only if it is 
Suslinean. Note that our results on the topological entropy of homeomorphisms of 
Suslinean arc-like and circle-like continua and the result in [19l support Kato’s 
conjecture [lo]: each homeomorphism of a Suslinean continuum has zero topologi- 
cal entropy. 
2. Preliminary results 
For the basic properties of chainable continua we refer [Ml and also we shall 
assume some familiarity with Chapter V of [12]. Let M be a continuum and 
x, y EM. We say that it4 is irreducible between x and y if no proper subcontin- 
uum of M contains x and y. Let M be a hereditarily decomposable continuum 
irreducible between two points a and b. Then there is a continuous map g from 
M onto [O, 11 with (g(a) = 0, g(b) = 1 and g-‘(t) a maximal nowhere dense 
subcontinuum for each t E [O, 11. We shall call g a Kuratowski map. Subcontinua 
g-‘(t) are called layers of M; g-‘(O) and g-‘(l) are called endlayers of M; the 
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other layers are called interior layers. If x and y are points of M we denote by 
[x, y] a continuum irreducible between x and y. Denote [x, yl minus its endlay- 
ers by (x, y). When M is chainable, [x, y] will be unique [21l. 
Define ~3~ to be {M]. If (Y = p + 1 then $3a will consist of degenerate elements 
of gp and the layers of the nondegenerate lements of gp. For a limit ordinal (Y 
define 9, to be the set consisting of the intersections ll p <aDp, where Da E!.Z~. 
For every x EM denote by gJx> the element of ga containing x. It was 
proved in [17] that there is a countable r so that ST(x) is Ix] for every x E M. The 
minimal such T will be called the order of M and will be denoted by Order(M) = 7. 
Let X be a compact metric space. We denote the collection of all continuous 
maps of X by C(X, X). For f E C( X, X) we define f ’ = id and inductively 
f”=f~f”-‘forn~N.Anx~Xisaperiodicpointoffwithperiodnif f”(x>=x 
and f’(x) #x for 1 f i G n - 1. An x E X is a recurrent point off if for each E > 0 
there is n E N such that d(x, f”(x)) < E. A point x EX is a nonwanderingpoint of 
f if for each neighborhood I/ of x there is n E N such that f”(V) n I/# @. The set 
of periodic points, recurrent points and nonwandering points of f will be denoted 
by P(f), R(f) and L?(f) respectively. Note that P(f’9=P(f) and R(f”)=R(f) 
for each n E N. 
The orbit of an x EX, 0(x, f >, is the set {x, f(x), f ‘(x1,. . .}. A nonempty 
closed subset M of X is called a minimal set of f if the orbit of each point of M is 
dense in M. Note that if x is a periodic point of period n then 0(x, f) is a 
minimal set of f containing n elements and is called a periodic orbit off with 
period It. For each x EX, the o-limit set of x, denoted by w(x, f) is the collection 
of all limit points of 0(x, f ). It is clear that P( f 1 CRC f) c U x E +(x, f) c L!( f 1. 
Let Xi be a compact metric space and Ti be a continuous map of Xi for 
i = 1, 2. We say that (Xi, T,) is semi-conjugate to (X,, T,) or is an extension of 
(X,, T,), if there is a continuous map 4 from X, onto X, such that 4 0 TI = T2 0 C#I. 
We call 4 a semi-conjugacy. If 4 is a homeomorphism then we call 4 a conjugacy. 
The topological entropy was defined by Adler et al. in 1965, which is an 
analogue of the metric entropy definded by Kolmogorov and Sinai. We shall use 
the following result about the topological entropy h( f > for a continuous map f of 
a compact metric space: h( f I= max, E RCfIh( f I w( x, f )I, which can be interpreted 
as follows using the Variational Principle. Let I_L be an ergodic invariant probability 
measure, then f Isupp(l.c) is topologically transitive, where supp&) is the support 
of CL. Hence there is x E supp(p) such that supp(p) = w(x, f >. It is easy to see 
that x E R(f 1. By the Variational Principle we get h( f > = max{h,(f 1: p is an 
ergodic invariant probability measure} = max, E RCfjh( f I w(x, f 1). 
Let -C = I1yzll(O, l]. If (Y = (a,a, . . . > and /3 = @r&. . .I are two elements of 2 
then their sum (Y + p = (g,g, . . . > is defined by: if a, + p1 < 2 then g, = ~yr + &; if 
(pi +pi > 2 then g, =cyr +pi - 2 and we carry 1 to the next position. Let 6: 
Z -+ 2 be defined by 6(g) = g + (100.. . > for g E 2’. It is known that Z is a minimal 
set of 6 and h(6) = 0. We shall call (2, 8) an adding machine. For the notion from 
ergodic theory we refer to [22]. 
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Lemma 2.1. Let M,, M2 be hereditarily decomposable chainable continua and F be a 
homeomolphism from M, onto M2. If Ai and Bi are the endlayers of Mi for i = 1, 2 
then either F(A,) = B, and F(B,) =A, or F(A,) =A, and F(B,) = B,. 
Proof. As A,, B, are nowhere dense in M, and F is a homeomorphism we know 
that F(A,) and F(B,) are nowhere dense in M,. Hence there are a,,b, EMS such 
that F(A,) c8,(a,) and F(B,) c&SI(b,). 
Since [a2, b,] is a subcontinuum of M2 we have that F-‘([az, b,l) is a 
subcontinuum of M, containing A, U B,. As M, is irreducible between a, and b, 
for each a, EAT and b, E B, we get that F-‘([a,, b21) = M,. That is Mz = F(M,) 
= [a2, b2]. This implies that B,(a,) and 81(b2) are the endlayers of M2. 
By considering F-l : M2 + MI we have that B,(a,) CA, and .91(b,) c B,. It 
follows that F(A,) =B,(a,) and F(B,) =SI(b,). This ends the proof. 0 
Lemma 2.2. Let F be a homeomorphism of a hereditarily decomposable chainable 
continuum M. Then F@,(x)) =B,(F(x)) for each x EM. 
Proof. Let x E M and let A and B be the endlayers of M. If x EA U B we are 
done (Lemma 2.1). Hence we may assume that 9,<x> is an interior layer of M. Let 
acA and bEB. Then G=FI[a,x] and H=Fl[x, bl are homeomorphisms, 
hence send the endlayers to endlayers by Lemma 2.1. Thus we have F@,(x)) = 
_13;,(F(x)) for each x EM. q 
The following lemma is well known. For completeness we supply a proof here. 
Lemma 2.3. Let X, Y be compact metric spaces, F and G be continuous maps of X 
and Y respectively. Assume that $I is a continuous map from X onto Y with 
4 0 F = G 0 4. Then +(0(F)> c R(G) and for each x E X, 4(0(x, I;)) C 0(4(x), G). 
Proof. Let x E 0(F). For each neighborhood V of 4(x) there is a neighborhood U 
of x such that c#W> c V. As x E 0(F) there is 12 E N such that F”(U) n U z @. 
Hence G”(c$@)) n c#~U> = c#~F”W)) f~ 4(U) 3 +(F’?U) n U) Z @. Thus G”(V) 
n T/Z @. That is 4(x> E O(G). Hence we have that @In(F)) c on(G). 
Let x E X and y E OJ(X, F). Then there is a sequence of natural numbers 
n,<n,< *-. such that y = limi,,F’Yx). Hence +(y> = limi,,4(F”i(x)> = 
limi,,GY+(x)). That is +(w(x, F)) CW(C#J(X), G). 0 
Theorem 2.4. Let F be a homeomorphism of a hereditarily decomposable chainable 
continuum M. Then there is a homeomorphism G of [O, 11 such that g 0 F = G 0 g, 
where g is the Kuratowski map from M onto [0, 11. Furthermore: 
(i> Either F(B,(x)) =g,(x> or F@,(x)) =B,(F(x)), F@,(F(x))) =53,(x) and 
_cZ-,(X> nL?r,(F(x)) = fl for each x E R(F). 
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(ii) For each x E A4 either there is y E on(F) with o(x, F) Cg,(y) or there is 
y E 0(F) with dx, F) cS,(y) Ugi(F(y)), o(x, F) 17~@“(~)) + fl for i = 0, 1 
UTZ~ LB-,(Y>~B,(F(Y))=~. 
Proof. We define G:[O, 11 + [O, 11 as follows: for t E [O, 11, G(t) =g(F(g-l(t))). 
As F sends the layer of M to the layer of M by Lemma 2.2, G is well defined. It is 
easy to see that G is bijective. Let C be a closed subset of [O, 11. Then 
G(C) = g(F(g-‘(C)N is closed in [0, 11. Hence G is a homeomorphism of [O, 11 
with goF=Gog. 
(i) It is clear that R(G) = P(G) and each periodic orbit of G has period 1 or 2. 
By (1) of Lemma 2.3, gW(F)) CC?(G) =P(G). It follows that either F(gl(x)) = 
.9-,(x) or F(L31(x)) =!Zl(F(x)), F(91(F(x))) =L3l(x) and B,(x) nSSl(F(x)) = $ for 
each x E R(F). 
(ii) It is clear that for each x E [0, 11, w(x, G) is a periodic orbit with period 1 
or 2. Then the conclusion of (ii) follows by (2) of Lemma 2.3. 0 
Theorem 2.5. Let F be a homeomorphism of a hereditarily decomposable chainable 
continuum 44. Then the period of each periodic orbit of F is a power of 2. 
Proof. Let P be a periodic orbit of F with period n = 2’ *p, where p 2 1 is an odd 
number and r E {O} u N. We want to show that p = 1. Let G = F2’ and Q c P be a 
periodic orbit of G. It is easy to see that the period of Q is p. 
There are two possibilities: Q lies on one layer M, of M or Q lies on at least 
two layers of M. In the former case G I M, is a homeomorphism of M, and 
Q CM,. In the latter case there are two layers of M, M, and M, such that 
G(M, n P) = M, n P and G(M, n P) = M, n P by Lemma 2.2 and Theorem 2.4. 
This implies that the period of Q is even, a contradiction. Hence we only have one 
possibility: Q lies on one layer M, of X. 
Take x E Q. As .9Jx) is degenerate or a hereditarily decomposable chainable 
continuum for each countable ordinal number (Y we know that Q c_9Jx) for each 
such (Y. Since there is a countable r such that g7(x) is {x} we know that Q = (x). 
Thus p = 1. This completes the proof. 0 
Note that a continuum M is chainable if and only if there are continuous maps 
f, of the unit interval Z such that M = {(x,, xi,. . .I: fr+l(xi+l) =xi, i > 01 [18]. Let 
f be a continuous map of I. Then (I, f) = ((x0, x1,. . . ): f(xi+l> =xi, i z 0) is 
called the inverse limit space associated with f and f induces a homeomorphism 
f^: (I, f) + (I, f) defined by: 
fix07 Xl ,...) = (f(xo), x0, x1,...). 
90 X. Ye / Topology and its Applications 64 (1995) 85-93 
It is known that h(f) = h(f) and the set of periods of f is equal to the set of 
periods of f^ [71. Barge and Martin showed that if f has a periodic point with 
period which is not a power of 2, then (I, f) contains an indecomposable 
subcontinuum [3]. We may get this result directly from Theorem 2.5. 
Corollary 2.6. Let Z be the unit interval and f be a continuous map of I. Zf f has a 
periodic point with period which is not a power of 2 then the inverse limit space 
(I, f) contains an indecomposable subcontinuum. 
Proof. Let f be the induced homeomorphism of (I, f >. If (I, f > is a hereditarily 
decomposable continuum then the periods of periodic orbits of f are powers of 2 
by Theorem 2.5. Hence the periods of periodic orbits of f are powers of 2, a 
contradiction, This ends the proof. 0 
3. Main theorem, the arc-like case 
With the preparation in the previous section now we are ready to prove our 
main theorem in the arc-like case. We start with a simple lemma. For complete- 
ness we outline a proof here. 
Lemma 3.1. Let (2, S) be the adding machine. Assume that (X, T) is an extension 
of (2, 6) with T being a homeomotphism and C#I is the semi-conjugacy between 
(X, T) and (2, 6). Zf set A = (a ~2: Card(+-‘(a)) > 2] is countable then: 
(1) T has a unique minimal set. 
(2) h(T) = 0. 
Proof. (1) Let M, and M2 be two minimal sets of T. Then 4(Mi) is a nonempty 
closed invariant subset of z for i = 1,2. As 2 is minimal under 6 we have that 
4(M,) = &Ef,). Thus M, nM, Z fl ( we only need that the complement of A is 
not empty). This implies that M, = M2. Hence T has a unique minimal set. 
(2) Firstly we note that if D is an open set of X then 
4(D) = (X\4(X\Z’)) “(4(D) n (An+(X\D))). (*) 
Let O(A, 6) = U gEAO(g, 61, Xl =X\$-‘COCA, S>> and & =-!S\O(A, 6). 
Then TI = T 1 Xi is a map of X, and fi = f I 2, is a map of &. We have that 
$i : Xi -+ & is a conjugacy between (Xi, TI) and (zl, 8,) by (* ). 
It is easy to check that for each invariant measure p of T we have 
~(4~ ‘COCA, 6))) = 0. This implies that h(T) = 0 by what we have proved above, 
the definition of metric entropy and the Variational Principle. q 
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We shall use the following result proved by Sarkovskii, see reference 53 of [20]: 
Let X be a compact metric space and f~ C(X, X). If w(x, f> is finite for some 
x EX then o(x, f) is a periodic orbit of f. 
Theorem 3.2. Let M be a hereditarily decomposable chainable continuum and F be a 
homeomotphism of M. Then for each x E R(F) either o(x, F) is a periodic orbit of F 
or (w(x, F), F) is semi-conjugate to the adding machine. Furthermore if M is 
Suslinean then for each x E R(F) either o(x, F) is a periodic orbit of F or (0(x, F), 
F) is semi-conjugate to the adding machine such that the semi-conjugacy is one-to-one 
except at a set whose image is countable, consequently for each x E R(F), w(x, F) 
contains only one minimal set and h(F) = 0. 
Proof. Let x E R(F) and let w(x, F) not be a periodic orbit of F. Then o(x, F) is 
infinite. By Lemma 2.4, either F@,(x)) =0,(x) or F(B,(x)) =0,(F(x)), 
F(D,(F(x))) =0,(x) and g-,(x) fMi(F(x)) = fl. 
In the first case let c(, = max(cY: F(0&)) =0e(x>, 1 G p G a}. As 0(x, F) is 
infinite and 9;(x) = {x} for some countable ordinal number T we have that 
u$ < T. Hence F(Oab+I (x)) =Oab+l(F(x)), F(O~b+l(F(x))) =J~~~+Jx) and 
s~~+~(x) nq+l(F(xN = !k 
Thus in all cases there is (~a (in the first case (Y(, = (Y; + 1 and in the second case 
CQ = 11 such that F(0Jx)) =0JF(x)), F(0JFCx))) =0&x) and ~9Jx) n 
L~JF(xN = 6. 
Denote 9&x> by M, and 0JFCx)) by Mr. It is clear that Mi is a hereditarily 
decomposable chainable continuum and F* I Mi is a homeomorphism of M, for 
i = 1, 2. Furthermore x E R(F* I M,,) as R(F”) = R(F) for each n E N and F*(M,> 
= M,. Hence there is czr >a, such that F(0Jx)) =0JF(x)), F@JF(x))) = 
0Jx) and ~Jx) n9p’(x)) = (6. 
Denote L??,_(x) by M,, 0@‘*(x)> by MoI, 0JF(x)) by MI0 and 0JF3(x)> by 
M,,. It is clear that F4 I Mili, is a homeomorphism of the hereditarily decompos- 
able chainable continuum Mi,i, for i,, i, = 0, 1. 
Inductively for each j 2 2 we may get disjoint hereditarily decomposable chain- 
able continua Mi,iz,..i such that Mi,i *,,, i CMi,i,..,i _, and F*’ I M. is a 
homeomorphism of Mi:i2..,i for i,, i,, . . . , ij’E (0, 1). ’ 
rl12...i, 
For each a = (i,i, . . . ) E (c let M, = n T= lMi,i,,,,i . It is easy to see that M, is a 
subcontinuum of M for each a E 2. Let A = {a E 2: M, is nondegenerate}. When 
M is Suslinean, A is a countable set. 
Define 4 : IJ a E I M, + 2 by $( M,) = a. Then 4 is continuous and surjective 
with 4 0 F = 6 0 4. Furthermore U(X, F) c U oEzM,, w(x, F) n M, # fl for each 
a EZ. 
By the simple consequence of the Variational Principle and Lemma 3.1 we have 
that for each x E R(F), o(x, F) contains only one minimal set and h(F) = 
max, E .,,,h(F I w(x, F)) = 0 when M is Suslinean. This ends the proof. 0 
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The idea of the proof of Theorem 3.2 can be applied to some other classes of 
hereditarily decomposable chainable continua. We shall list some of them and 
omit the proofs. 
Corollary 3.3. Let F be a homeomorphism of a hereditarily decomposable chainable 
continuum M satisfying that Order(M) Q wa + 1 and the set A = {x E M: 
Card(9Jx)) > 2) is countable, where o0 is the first transfinite ordinal number. 
Then h(F) = 0. 
Corollary 3.4. Let F be a homeomorphism of a hereditarily decomposable chainable 
continuum M satisfying that Order(M) < w,,. l%en R(F) is the union of all minimal 
sets of F and for each x E R(F), w(x, F) is either a periodic orbit or (w(x, F), F) is 
conjugate to the adding machine. 
Corollary 3.5. Let F be a homeomorphism of a hereditarily decomposable chainable 
continuum M satisfying that Order(M) is finite. Then R(F) = P(F). 
4. Main theorem, the circle-like case 
In this section we shall apply the idea in the proof of Theorem 3.2 to get that 
homeomorphisms of Suslinean circle-like continua have zero topological entropy. 
We start with a well-known lemma. 
Lemma 4.1. Let S’ be the unit circle and F be a homeomorphism of S’. Then: 
(1) Dl Zf P(F)=@, F h as a unique minimal set B, which ti either S’ or 
homeomorphic to a Cantor set, such that fin(F) = B. 
(2) Zf P(F) # fl then 0(F) = P(F). 
Theorem 4.2. Let M be a Suslinean circle-like continuum and F be a homeomor- 
phism of M. Then h(F) = 0. 
Proof. As M is hereditarily decomposable and any proper subcontinuum of a 
circle-like continuum is arc-like we have that there are a continuous map 4 from 
M onto S’ and a homeomorphism G : S’ -+ S’ such that 4 0 F = G 0 4. Note that 
for each t E S’, 4-‘(t) is an arc-like continuum. 
(1) If P(G) = fl then G h as a unique minimal set B, which is either S’ or 
homeomorphic to a Cantor set, such that R(G) = B by Lemma 4.1. As M is 
Suslinean, A = {t E S’: Card(4-‘(t)) > 2) is countable. This implies that 
h(F I dx, F)) = 0 for each x E R(F) by a very similar argument as Lemma 3.1. 
Hence h(F) = 0 by the Variational Principle. 
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(2) If P(G) # fl th en R(G) = P(G) by Lemma 4.1. Hence for each x E R(F) 
there are disjoint hereditarily decomposable chainable continua M,, Mz,. . . , M,, 
such that F( Mi> = Mi+ lcmod ,,) for 1 < i G n by Lemmas 2.3 and 2.2. Hence F”(M,) 
= Mi and h(F” ( Mi) = 0 by Theorem 3.2 for 1 < i G n. This implies that 
h(Fl~~)=(l/n)h(F”l~~) 
= (l/n) max{h(F” I Mi): 1 Q i f n} = 0. 
Thus we have h(F) = max x ~ R&F I W(X, F)) = 0. This completes the proof. 0 
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